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SORTABLE FREIMAN IDEALS
JU¨RGEN HERZOG AND GUANGJUN ZHU
∗
Abstract. In this paper it is shown that a sortable ideal I is Freiman if and
only if its sorted graph is chordal. This characterization is used to give a complete
classification of Freiman principal Borel ideals and of Freiman Veronese type ideals
with constant bound.
Introduction
The concept of Freiman ideals appeared the first time in [15]. Based on a famous
theorem from additive number theory, due to Freiman [7], it was proved in [14] that if
I ⊂ S is an equigenerated monomial ideal, then µ(I2) ≥ ℓ(I)µ(I)−
(
ℓ(I)
2
)
. Here µ(I)
denotes the least number of generators of the ideal I and ℓ(I) the analytic spread
of I. The assumption that I be equigenerated is essential. Indeed, in [4] it has been
shown that for every integer m ≥ 6, there exists a monomial ideal I ⊂ K[x, y] such
that µ(I) = m and µ(I2) = 9.
In [15] an equigenerated monomial I is called Freiman if µ(I2) = ℓ(I)µ(I)−
(
ℓ(I)
2
)
.
In the same paper we characterized Freiman ideals for special classes of principal
Borel ideals and Veronese type ideals. One purpose of this paper is to give a full
classification of Freiman ideals for all principal Borel ideals and all Veronese type
ideals with constant bound, thereby generalizing the results of [15].
In [12], subsequent to paper [15], a more systematic treatment of Freiman ideals
was presented. Among several other characterizations of the Freiman property, it
was shown in [12] that I is a Freiman ideal if and only if the fiber cone of I has
a 2-linear resolution. This is a particularly nice property which implies that the
defining ideal of the fiber cone of I is generated by quadrics. In the present paper
we use this characterization of Freiman ideals.
There is a remarkable property of equigenerated monomial ideals, called sortabil-
ity, which guarantees that the defining relations of their fiber cone is generated by
the so-called sorting relations. The sorting relations are quadratic binomials and
form a Gro¨bner basis with respect to a suitable monomial order. Sortable sets of
monomials have been introduced by Sturmfels [19]. Some basic properties of sortable
ideals are discussed in [5]. In Section 1 we associated with a sortable ideal I a finite
simple graph GI,s, whose edges correspond to the sortable pairs of the monomial
generators of I, and prove in Theorem 1.4 that a sortable ideal I is Freiman, if and
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only if GI,s is chordal. This will be our main tool to give in the following sections
a complete characterization of Freiman principal Borel ideals and of Freiman ideals
of Veronese type with constant bound.
1. Sortability and the Freiman property
The aim of this section is to analyze what it means that a sortable monomial ideal
is a Freiman ideal.
Let K be a field and S = K[x1, . . . , xn] be the polynomial ring over K in n
indeterminates. Let d be a positive integer, Sd the K-vector space generated by
the monomials of degree d in S, and take two monomials u, v ∈ Sd. We write
uv = xi1xi2 · · ·xi2d with 1 ≤ i1 ≤ i2 ≤ · · · ≤ i2d ≤ n, and define
u′ = xi1xi3 · · ·xi2d−1 , and v
′ = xi2xi4 · · ·xi2d .
The pair (u′, v′) is called the sorting of (u, v).
In this way we obtain a map
sort : Sd × Sd → Sd × Sd, (u, v) 7→ (u
′, v′).
This map is called the sorting operator. For example, if u = x1x
2
3 and v = x
2
2x3,
then sort(u, v) = (x1x2x3, x2x
2
3). A pair (u, v) is called to be sorted if sort(u, v) =
(u, v) or sort(u, v) = (v, u), otherwise it is called to unsorted. Notice that sort(u, v) =
sort(v, u).
Definition 1.1. A subset B ⊂ Sd of monomials is called sortable if sort(B ×B) ⊂
B × B.
Let I be an equigenerated monomial ideal. The unique minimal set of monomial
generators of I is denoted by G(I). We call I a sortable ideal, if G(I) is a sortable
set. The defining ideal J of the fiber cone F (I) of a sortable ideal I has very
nice Gro¨bner basis. Indeed, let R be the polynomial ring K[tv | v ∈ G(I)], and
φ : R→ F (I) be the K-algebra homomorphism which maps tv to v for all v ∈ G(I).
We denote by J the kernel of φ. Then F (I) = R/J . Obviously, the quadratic
binomials f(u,v) = tutv − tu′tv′ with (u, v) unsorted belong to J .
In [17], De Negri noticed the following fact which easily follows from a theorem
of Sturmfels [19] (see also [5, Theorem 6.16]), and which is crucial for this paper.
Theorem 1.2. Let I be a sortable ideal. Then there exists a monomial order < on R
such that in<(f(u,v)) = tutv for all unsorted pairs (u, v) with u, v ∈ G(I). Moreover,
the set of binomials G = {f(u,v) : (u, v) is unsorted } is a Gro¨bner basis of the toric
ideal J .
With a sortable ideal I we attach two graphs, namely the sorted graph GI,s of I,
and the unsorted graph GI,u of I. The vertex sets of both graphs is G(I). Its edge
sets are
E(GI,s) = {{u, v} : u 6= v, (u, v) is sorted},
and
E(GI,u) = {{u, v} : u 6= v, (u, v) is unsorted}.
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Theorem 1.2 implies that in<(J) is the edge ideal of GI,u, where J is the defining
toric ideal of the fiber cone F (I) of I.
Then
For a graph G we denote by Gc the complementary graph of G, which is the graph
with the same vertex set as that of G and with
E(Gc) = {{u, v} : {u, v} 6∈ E(G)}.
Obviously one has (GI,u)
c = GI,s.
[7] one has that h2 ≥ 0, see [14, Corollary 2.6]. The ideal I is called a Freiman
ideal if h2 = 0.
Freiman ideals are characterized by the following result shown in [12, Theorem
1.3].
Theorem 1.3. Let I be any equigenerated monomial ideal. Then I is a Freiman
ideal if and only if F (I) is Cohen-Macaulay and the defining ideal of F (I) has a
2-linear resolution.
Now we are ready to prove the main result of this section.
Theorem 1.4. Let I be a sortable ideal. Then I is Freiman if and only if the sorted
graph GI,s of I is chordal. In particular, if GI,s contains an induced t-cycle with
t ≥ 4, then I is not Freiman.
Proof. Let I be sortable, and let J be the defining toric ideal of F (I). By The-
orem 1.2, in<(J) is squarefree. By [19] (see also [10, Corollary 4.26]) this implies
that F (I) is normal. Then by a theorem of Hochster [16] it follows that F (I) is
Cohen-Macaulay. As observed before, in<(J) is the edge ideal of GI,u and that
GcI,u = GI,s. Now we apply a famous and well-known theorem of Fro¨berg [8] and
deduce that in<(J) has a 2-linear resolution, due to the fact that GI,s is chordal by
assumption. This implies that J has 2-linear resolution as well, see for example [9,
Theorem 3.3.4]. Thus I is Freiman by Theorem 1.3.
Conversely, assume that I is Freiman. Then J has a 2-linear resolution. Since
in<(J) is squarefree, it follows from [2, Corollary 2.7] that in<(J) has a 2-linear
resolution as well. Again applying the theorem of Fro¨berg it follows that GI,s is
chordal. 
In the following sections we apply this theorem to special classes of monomial
ideals.
2. Freiman principal Borel ideals
A monomial ideal I ⊂ S is called strongly stable, if for all v ∈ G(I) and all j ∈
supp(v) it follows that xi(v/xj) ∈ I for all i < j. Given monomials v1, . . . , vm ∈ S,
there exists a unique smallest strongly stable ideal, denoted B(v1, . . . , vm), which
contains monomials v1, . . . , vm. The monomial ideal I is called a principal Borel
ideal if I = B(v) for some monomial v ∈ S.
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Example 2.1. Let I = B(v), where v = x23, thenG(I) = {x
2
1, x1x2, x1x3, x
2
2, x2x3, x
2
3}.
The edge set of the sorted graph of I is
{{x21, x1x2}, {x
2
1, x1x3}, {x1x2, x1x3}, {x1x2, x
2
2}, {x1x2, x2x3},
{x1x3, x2x3}, {x1x3, x
2
3}, {x
2
2, x2x3}, {x2x3, x
2
3}}.
The following theorem characterizes all Freiman ideals among the principal Borel
ideals.
Theorem 2.2. Let d ≥ 2 and n ≥ 3 be two integers, and S = K[x1, . . . , xn] the
polynomial ring over K in n indeterminates. Let u be a monomial of degree d in S.
Then
(a) If d = 2, then B(u) is Freiman if and only if u is a minimal monomial
generator of (x1, x2, x3)
2, or x1(x4, . . . , xn), or x2(x4, . . . , xn).
(b) If d = 3, then B(u) is Freiman if and only if u is a minimal monomial
generator of x1(x1, x2, x3)
2, or x1(x1, x2)xi with i > 3, or x
2
2(x2, . . . , xn).
(c) If d ≥ 4, then B(u) is Freiman if and only if u = xd−21 x
2
3, or u is a minimal
monomial generators of xd−11 (x1, . . . , xn), or x
d−r−1
1 x
r
2(xi, . . . , xn) where 1 ≤
r ≤ d− 1 and i ≥ 2.
Proof. (a) is shown in [15, Theorem 4.2 (a)].
(b) Let v ∈ S be a monomial. Then
B(v) is Freiman if and only if B(xk1v) is Freiman.(1)
We will use this fact several times in the proof. By applying (1) and the result
in (a), we obtain that B(u) is Freiman if u is a minimal monomial generator of
x1(x1, x2, x3)
2, or x1(x1, x2)xi with i > 3, and by [15, Theorem 4.2 (b)], we see that
B(u) is Freiman if u is a minimal monomial generator of x22(x2, . . . , xn).
It remains to be shown that B(u) is not Freiman if u is different from the mono-
mials listed (b). Then u is a minimal monomial generator of the following ideals: (i)
x1(x4, . . . , xn)
2, or (ii) x1x3(x4, . . . , xn), or (iii) x2(x3, . . . , xn)
2, or (iv) (x3, . . . , xn)
3.
By (1) we have to show that B(u) is not Freiman if u is a minimal monomial gen-
erator of the following ideals:
(i) (x4, . . . , xn)
2, or (ii) x3(x4, . . . , xn), or (iii) x2(x3, . . . , xn)
2, or (iv) (x3, . . . , xn)
3.
For case (i) or (ii), B(u) is not Freiman by (a). For case (iii) or (iv), the elements
u1 = x1x
2
2, u2 = x
2
1x2, u3 = x
2
1x3, u4 = x1x
2
3, u5 = x2x
2
3 and u6 = x
2
2x3 are the
vertices of an induced 6-cycle of GB(u),s. Indeed, (ui, ui+1) for i = 1, . . . , 5 and
(u1, u6) are sorted pairs, while the pairs corresponding to the chords of the 6-cycle
are not sorted. This show that it is is an induced 6-cycle. Hence B(u) is not Freiman
by Theorem 1.4.
(c) Suppose first that u = xd−21 x
2
3, or u is a minimal monomial generator of
xd−11 (x1, . . . , xn), or x
d−r−1
1 x
r
2(xi, . . . , xn) where 1 ≤ r ≤ d − 1 and i ≥ 2. By (1)
it is enough to consider the case u = x23, or u is a minimal monomial generator of
(x2, . . . , xn), or x
r
2(xi, . . . , xn) where 1 ≤ r ≤ d − 1 and i ≥ 2. It follows from [15,
Theorem 3.3 and Theorem 4.2] that B(u) is Freiman.
Now we will prove that B(u) is not Freiman if u is different from the monomials
listed (c). Then u is a minimal monomial generator of xa1x
b
2(x3, . . . , xn)
d−(a+b) where
4
0 ≤ a + b ≤ d − 2. By applying (1) we have to show that if u is a minimal
monomial generator of the following ideals: (i) xd−ℓ2 (x3, . . . , xn)
ℓ with ℓ ≥ 2, or (ii)
x3(x3, . . . , xn)
ℓ with ℓ = 2, . . . , d − 1, or (iii) (x3, . . . , xn)
ℓ with ℓ = 3, . . . , d, then
B(u) is not Freiman.
In all these cases, the elements xd−21 x
2
2, x
d−1
1 x2, x
d−1
1 x3, x
d−2
1 x
2
3, x
d−3
1 x2x
2
3 and
xd−31 x
2
2x3 are the vertices of an induced 6-cycle ofGB(u),s. Hence B(u) is not Freiman,
as desired.
3. Freiman ideals of Veronese type with constant bound
Given positive integers n, d and a sequence a of integers 1 ≤ a1 ≤ · · · ≤ an ≤ d
with
∑n
i=1 ai > d, one defines the monomial ideal Ia,n,d ⊂ S = K[x1, . . . , xn] with
G(Ia,n,d) = {x
b1
1 x
b2
2 · · ·x
bn
n |
n∑
i=1
bi = d and bi ≤ ai for i = 1, . . . , n}.
In this section we only consider the case that ai = k for i = 1, . . . , n, and denote
the corresponding Veronese type ideal with constant bound k by Ik,n,d. Note that
Ik,n,d = Id,n,d if k > d. Therefore, we may always assume that k ≤ d.
Lemma 3.1. The ideal Ik,n,d is sortable.
Proof. Let u, v ∈ G(Ik,n,d), and let sort(u, v) = (u
′, v′). Let uv = xi1xi2 . . . xi2d . Let
j be an integer with 1 ≤ j ≤ n, and let ℓ1 ≤ ℓ2 be the integer with the property
that iℓ = j if and only if ℓ1 ≤ ℓ ≤ ℓ2. Then ℓ2 − ℓ1 + 1 ≤ 2k. Let u
′ = xc11 · · ·x
cn
n .
Then cj = |{ℓ : ℓ1 ≤ ℓ ≤ ℓ2 and ℓ is odd}|. It follows that cj ≤ k for all j, and this
implies that u′ ∈ G(Ik,n,d), Similarly, v
′ ∈ G(Ik,n,d). 
Since Ik,n,d is sortable, we may apply Theorem 1.4 to check which of the ideals
Ik,n,d are Freiman.
In the following proofs we will use
Lemma 3.2. Let A = K[x1, . . . , xn] and B = A[y] be polynomial rings over a field
K. Let I = (u1, . . . , um) ⊂ A be a monomial ideal generated in degree d, and J ⊂ B
a monomial ideal generated in degree d + 1 with (yu1, . . . , yum) ⊂ J . If I is not
Freiman, then J is not Freiman.
Proof. Since I is not Freiman, there exists an induced t-cycle Ct with t ≥ 4 of GI,s.
Let {ui1, . . . , uit} be the vertex set of Ct, then yui1, . . . , yuit ∈ J . It follows that the
elements yui1, . . . , yuit form the vertices of an induced t-cycle of GJ,s. Therefore, J
is not Freiman. 
The following theorem classifies the Freiman ideals of the form I1,n,d.
Theorem 3.3. The ideal I1,n,d is Freiman, if and only if one of the following con-
ditions holds:
(a) n = 2 and d = 1.
(b) n ≥ 3 and d = 1, or d = n− 1.
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Proof. If d = 1 or d = n − 1, then the sorted graph GI1,n,d,s is a complete graph.
Thus Theorem 1.4 implies that I1,n,d is Freiman.
It remains to be shown that I1,n,d is not Freiman if n ≥ 4 and 2 ≤ d ≤ n − 2.
In this case, the elements (
d+1∏
j=4
xn−j)xn−3xn−2, (
d+1∏
j=4
xn−j)xn−3xn, (
d+1∏
j=4
xn−j)xn−1xn,
and (
d+1∏
j=4
xn−j)xn−2xn−1, are the vertices of an induced 4-cycle of GI1,n,d,s, where
d+1∏
j=4
xn−j = 1 if d = 2. It follows that I1,n,d is not Freiman. 
Next we consider the case k = 2.
Theorem 3.4. The ideal I2,n,d is Freiman if and only if one of the following condi-
tions holds:
(a) n = 2 and d = 2, or d = 3.
(b) n = 3 and d = 2, or d = 4, or d = 5.
(c) n ≥ 4 and d = 2n− 1.
Proof. (a ) By a simple computation shows that I2,n,d is Freiman if d = 2 or d = 3.
(b) Since the graphs GI2,3,2,s, GI2,3,4,s and GI2,3,5,s are chordal, as can be seen easily,
the ideals I2,3,2, I2,3,4 and I2,3,5 are Freiman.
If d = 3, then the elements x1x
2
2, x
2
1x2, x
2
1x3, x1x
2
3, x2x
2
3 and x
2
2x3 are the vertices
of an induced 6-cycle of GI2,3,3,s. It follows that I2,3,3 is not Freiman.
(c) If d = 2n−1, then I2,n,d = (x1
n∏
j=2
x2j , . . . , xi
n∏
j=1
j 6=i
x2j , . . . , xn
n−1∏
j=1
x2j ). Thus GI2,n,d,s
is a complete graph. Hence I2,n,d is Freiman.
Next we prove that I2,n,d is not Freiman if d 6= 2n − 1. We apply induction on
n. First, we consider the case n = 4. Then d = 2, 3, 4, 5 or 6, If d = 2, then the
elements x1x2, x1x4, x3x4 and x2x3 are the vertices of an induced 4-cycle of I2,4,2.
If d = 3, then the elements x21x2, x
2
1x4, x1x3x4 and x1x2x3 are the vertices of an
induced 4-cycle of I2,4,3. If d = 4, then the elements x
2
1x
2
2, x
2
1x2x4, x1x2x3x4 and
x1x
2
2x3 are the vertices of an induced 4-cycle of I2,4,4. If d = 5, then the elements
x21x
2
2x3, x
2
1x2x3x4, x1x2x
2
3x4 and x1x
2
2x
3
3 are the vertices of an induced 4-cycle of I2,4,5.
Finally, if d = 6, then the elements x21x
2
2x3x4, x
2
1x2x3x
2
4, x1x2x
2
3x
2
4 and x1x
2
2x
3
3x4 are
the vertices of an induced 4-cycle of I2,4,6. This shows that I2,n,d for d = 2, . . . , 6 is
not Freiman.
Let n ≥ 5. By the induction hypothesis we know that I2,n−1,d is not Freiman for
d = 2, . . . , 2n − 4. Therefore, by Lemma 3.2, it follows that I2,n,d is not Freiman
for d = 2, . . . , 2n − 4. Hence remains to be shown that I2,n,d is not Freiman for
d = 2n − 3 and d = 2n − 2. The ideal I2,n−1,2n−4 is not Freiman for n = 5 as
shown before, and if n > 5, I2,n−1,2n−4 is not Freiman by the induction hypothe-
sis. Hence there exists an induced t-cycle Ct of length t ≥ 4 in GI2,n−1,2n−4,s. Let
{ui1, . . . , uit} ⊂ K[x1, . . . , xn−1] be the vertex set of Ct. If d = 2n − 3, then the
elements ui1xn, . . . , uitxn are the vertices of an induced t-cycle of GI2,n,2n−3,s. Hence
I2,n,2n−3 is not Freiman. Finally, if d = 2n − 2, then the elements ui1x
2
n, . . . , uitx
2
n
6
are the vertices of an induced t-cycle of GI2,n,2n−2,s. Hence I2,n,2n−2 is not Freiman.
This completes the proof. 
The next theorem treats the case k ≥ 3.
Theorem 3.5. Let k ≥ 3. The ideal Ik,n,d is Freiman if and only if one of the
following conditions holds:
(a) n = 2 and d = k, . . . , 2k − 1.
(b) n = 3 and d = 3k − 2 or d = 3k − 1.
(c) n ≥ 4 and d = kn− 1.
Proof. (a) The graph GI2,n,d,s is path graph for d = k, . . . , 2k − 1. Hence I2,n,d is
Freiman.
(b) For d = 3k− 2 the graph GIk,3,d,s has 6 vertices, and for and d = 3k− 1 it has
4 vertices. It can be checked that both graphs are chordal. Hence Ik,3,d is Freiman
for d = 3k − 2 or d = 3k − 1.
It remains to be shown that Ik,3,d is not Freiman if d = k, . . . , 3k − 3. If d = k,
then Ik,3,d is not Freiman by [15, Theorem 3.3].
If k+1 ≤ d ≤ 2k−1, then the elements xk−11 x
d−k+1
2 , x
k
1x
d−k
2 , x
k
1x
d−k−1
2 x3, x
k−1
1 x
d−k−1
2 x
2
3,
xk−21 x
d−k
2 x
2
3, x
k−2
1 x
d−k+1
2 x3 are the vertices of an induced 6-cycle of GIk,3,d,s, and if
2k ≤ d ≤ 3k − 3, then the elements xk−11 x
k
2x
d−2k+1
3 , x
k
1x
k−1
2 x
d−2k+1
3 , x
k
1x
k−2
2 x
d−2k+2
3 ,
xk−11 x
k−2
2 x
d−2k+3
3 , x
k−2
1 x
k−1
2 x
d−2k+3
3 , x
k−2
1 x
k
2x
d−2k+2
3 are the vertices of an induced 6-
cycle of GIk,3,d,s. Hence, in both cases, Ik,3,d is not Freiman by Theorem 1.4.
(c) If d = kn − 1, then Ik,n,d = (x
k−1
1
n∏
j=2
xkj , . . . , x
k−1
i
n∏
j=1
j 6=i
xkj , . . . , x
k−1
n
n−1∏
j=1
xkj ). It
follows that GIk,n,d,s is a complete graph. Hence Ik,n,d is Freiman.
It remains to show that Ik,3,d is not Freiman if k + 1 ≤ d ≤ kn − 2. If k + 1 ≤
d ≤ 2k, then the elements xk1x
d−k
2 , x
k
1x
d−k−1
2 x4, x
k−1
1 x
d−k−1
2 x3x4 and x
k−1
1 x
d−k
2 x3 are
the vertices of an induced 4-cycle of GIk,n,d,s, if 2k + 1 ≤ d ≤ 3k − 1, then the
elements xk1x
k
2x
d−2k
3 , x
k
1x
k−1
2 x
d−2k
3 x4, x
k−1
1 x
k−1
2 x
d−2k+1
3 x4, x
k−1
1 x
k
2x
d−2k+1
3 are the ver-
tices of an induced 4-cycle of GIk,n,d,s, and if 3k ≤ d ≤ 4k − 2, then the ele-
ments xk1x
k
2x
k−1
3 x
d−3k+1
4 , x
k
1x
k−1
2 x
k−1
3 x
d−3k+2
4 , x
k−1
1 x
k−1
2 x
k
3x
d−3k+2
4 , x
k−1
1 x
k
2x
k
3x
d−3k+1
4 are
the vertices of an induced 4-cycle of GIk,n,d,s.
Now we consider the case (m−1)k−1 ≤ d ≤ mk−2 for any 5 ≤ m ≤ n. In this case
the elements xk1x
k
2x
k−1
3 x
k−1
4 (
m−1∏
j=5
xkj )x
d−(m−1)k+2
m , xk1x
k−1
2 x
k−1
3 x
k
4(
m−1∏
j=5
xkj )x
d−(m−1)k+2
m ,
xk−11 x
k−1
2 x
k
3x
k
4(
m−1∏
j=5
xkj )x
d−(m−1)k+2
m , x
k−1
1 x
k
2x
k
3x
k−1
4 (
m−1∏
j=5
xkj )x
d−(m−1)k+2
m are the vertices
of an induced 4-cycle of GIk,n,d,s. Thus, in all cases, Ik,n,d is not Freiman. 
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